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Abstract 
In  thc papcr descrip~ion  of  mathcmn~icaI  and numerical  modcl  of binay alloy sot idification is prcscntcd. Mctal alloy consisting of main 
component and solulc is introduced. Moving, sharp solidification rmnt is assumcd. Conaitulional undcrcooling phcnomcnon is tnkcn into 
considcralion. As a solidifica~ion  front advances, solutc is rcdistributcd at thc intcrfacc. Commonly, solutc is rejccted into Itlc liquid. whcrc 
it accumuIatcs into solittc boundary laycr. Depending on thc tcmpcrature gradient, such tiquid may be undcrcoolcd hclow its mclting point, 
cvcn though it is hot~cr  than liquid at thc Front. This phcnomcnon is orten callcd constitutional or soIr~tal  undcrcool ing, to cmphasizc that it 
ariscs from variations in  solutal distribution or  I iquid. An important conscqucncc of this accurnulntion of saIutc is that it can cause thc front 
to brcak down into cclls or dendri~cs.  This occurs bccausc thcrc is a liquid ahcad of thc front with lowcr solutc contcnt, and hcncc a highcr 
me1 ting tcmpcraturcs than liquid at thc front. In rhc papcr locarion and shapc of wndcrcoolcd rcgion dcpcnding on solidification pararnctcrs 
is discussed. Nurncrical  mcthod basing on Fini tc Elelncnt Mctbod (FEM) allowi~lg  prcdiction of breakdown of inoving planar front during 
solidification or binary alloy is proposed. 
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1. Introduction 
Thc  most  popular  approaches  of  solidification  process 
modclling  inclitdc conccpt of  two-phase zonc which  is located 
betwccn  liquidits and  solidus. Such ~nodcls  arc usually dcrivcd 
From  cnthaIpy  Formulations  11-41  where  motion  of  thc  liquid 
phasc  is  ncglcctcd.  The  more  complcx  and  realistic  models 
considcr  ho~h  Ihc  fluid  flow  and  hcat  transrer  phcnomcna  [51. 
Anothcr group of solidification rnodcls rcvicwcd in [6] are named 
as micro-macroscopic modcls. Intcrcning appronch to modclling 
dcndritic  solidification  hasing  on  cquilihrium  solidification 
method is prcsentcd in  [TI. 
Moving  internal  boundary  is  characteristic  for  Stefan 
problems.  Mathematical  modcl  of  solidification  proccss  with 
sharp jnrerrace betwccn solid and liquid phase has its origin in  thc 
Lame" and Clapcyron's works from 183 1. 
Thc solution of ~hc  binary alloy solidification problcrn with 
sharp interface  is bawd on Ihc solution of hcnt condi~ctivity  and 
mass dilrusion  equations with  appropriate boundary.  initial and 
continuity conditions.  Mass and  hcat  flux  con1 inuity  conditions 
must bc satisfied on thc moving solidilicnlion front. Such proccss 
lcads to instabilities appearing on thc flat  surracc bciwccn solid 
and  liquid  rcgion [8, 91.  Thcsc  phcnorncna arc  rcsponsihle  for 
mushy  zonc  Formation.  Proposcd  numcricnl  rncthod  hasing  on 
Pinitc Elcincnt Mcthod [lo-  121 nllows prcdiction of hrcakdown of 
tnoving planar front during solidification or  any binary alloy. 
2. Mathematical modcl 
Sharp  solidification  intcrfacc  scparatcs  solid  and  liquid 
rcgions (Fig.  1).  I-!,  Tz,  and r,  rcprescnt outcr boundaries or thc 
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intcrfncc. 
Fiy. I.  Solid and lirluid srlhrcgion in consiricrcd dolnnin 
Conventional description  of thc  solidificnt ion pmccss  with 
sharp  phase  intrrfacc  is hascd  on  thc  conscntation  cqiiations 
written  scpnratcly  Tor  liquitl  and  solid  phasc.  They  arc 
supplcmcn!cd  by hnundnry.  initial and  continuity conditions on 
thc solidificaton rronr. Solutions OF convent iondy stated prohlcrn 
arcn'i cfrcct ivc and rcszrictcd lo sirnplificd cases or solidification 
1131. 
Mnny rncthnds using For tmcking thc phasc in~crfncc  includc 
mcsh  adapting.  In  pn>pscd modcl  onc  sct  of  diffcrcntinl 
rqu;llio~is is  solvcd  lilr  wholc  domain  and  calculations  arc 
pcrrnrmcd or1  lixcrl grit].  Jump  in hcat and  mass  fluxes on  rhc 
inrcrnnl  houndnrics  arc  includcd  using  finilc  clcmtnrs  with 
intcrinr tliscont inuitics. I  lcat lrmsport (I), Inass cliffusinn (2)  md 
lcvcl sct  crluntion (3)  arc  coup!cd  by hcat  and  mass  cantinuiry 
cquationr  (10-1  3)  and  govern  thc  malhemntical modc!  of zhc 
pmccss, 
whcrc 7 !  K9 dcnntcs tcmpcralilrc. I  Is1 - lime. I.  I  WImK) - t hcrmnl 
conrltlctivity.  c  [Jlk~Kl  -  spccific  hcat.  p  !kglm'l  -  dcnsity, 
whcrcas j rcprcscots liquid (I) and solid (5) phasc. 
whcrc C rcprcscnts salutc cnnccntration. whilc 13  [m'ls]  is  mass 
dirrusion cnc~ljcicnl. 
whcrc  p [m] is cnllctl  distnncc  function  md  V,  [ds]  dcnotcs 
vctncity  normal  ln  thc  sol idifica~ion  front  calcularcd  using 
foIl~wtnp  formtala 
whcrc r  rcprcscnrs vclocity vcctor. 
Equations  (1-3) arc  cornplctcd  by  appropriate  boundary 
condiric~ns: 
whcrc  Th  [K]  is  known tcmpcrntilrc  on  thc  boundav  TI. qr 
f~lrn']  reprcscnts givcn hcat llux over hyndnry I-?,  n  is a vcctor 
normal to thc cxtcrnal boundary, a  [ W/m+K]  dcnotcs hcat ~lnnsfcr 
cocficient  and T,  IK] is  ambient tcmpcsaturc. 
Initial conditions arc dcrtncd ns  follows: 
whcrc  T, [K],  Cth p,,  [m]  arc  initial  tcmpcnture.  solutc 
conccn~ntion  and disrancc func~ion  rcspctivcl  y. 
Pscscnrcd modcl is complctcd hy continuity conditions on TI.,: 
whcrc n'  dcnotcs vcctor normal to  1;  ,, L [Jlkg] -  Earcnt  hcat of 
solidification.  TJCJ - liquidiu tcmpcrnturc  and  C,.,  C.T -  wlurc 
conccn~ntion  in thc liquid and solid 011  ITI.,. 
3. Examplcs of calculation 
Geometry af thc casting is prcscntcd in Fig. 2.  Thc influence 
of initiaI ovcrhcating on snlidifca~ion  proccss  and  undcrcoolcd 
zone formation is invcsrigatctl. 
1  h4-I 
Fig. 2. Ccomcrry oC  thc casting (six in  milimcrcrs) 
Initial zcmpcmturc or thc  liquid alloy was I800  [Kj For  first 
variant  of calculation  and  250  [K]  hr  sccond  onc  (Fig.  3). 
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boundary conditions. On  thc top OF thc cast Eng  intensity of cooling 
was tcn t imcs lowcr than on t hc others. 
Fig. 3. Boundary and initial condilions Cor  bolh cascs of 
simulation 
Material  propertics  of the  liquid  and  solid  phxc  arc 
compild in Tablc I. Calculation pmccss during carly phasc 
arm mould  pouring  was  pcrlormcd with  constant  timc skcp 
Ar=fl.DI  Is].  During  solidication  process  valuc  of  dt  was 
calculated dynamically using following formula 
whcrc  Cr=0.05 is Courant nurncr,  h"'  -  finitc clcmcnt sizc 
nnd  v,'"' -  vclocity of  the S,.,  in thc clcmcnt. 
Tablc  F 
Matcrial pmpxtics of Fc-C  alIoy far bath cascs of simulation 
Liquidus  tcmpcratiirc  was  approximated  using  lincar 
cxprcssion: 
where m. = -89 is the direction component of  thc liquidus and 
TF=1811  [K] dcnotcs mclting tcmpcratvrc of thc purc maal. 
Range and location of  the liquid  (L).  undcrcootcd (UL)  and 
solid (S) rcgions are showed in thc Fig. 4. 
During first  casc of  simulation UL-zonc  appcars vcry carly, 
almost at the  start of the solidifcation process. Et  is widcr in rhc 
corncrs  and  in  thc  right  part  of  the  casting.  Thcst:  locations 
ramply  with  regions which  contain carbon-rich matcsial.  Largc 
arca lillcd with undcrcoolod liquid is visible in  thc Fig. 4c. Small 
valuc of ovcrhcating  aftcr  mould  pouring  favours evolution  OF 
undcrcoolcd zonc. Columnar or cvcn cquiaxcd grains may nppcar 
within rangc of this rcgion. Rcgion filled with hot liquid vanishcs 
during thc pmcss (Fig. 4c).  In thc range of solidifying arca only 
undcrcoolcd  liquid  rcmains.  It  dcnotcs  cquiaxcd  charactcr  or 
solidifcation. 
Fig. 4. Comparison of thc location of thc liquid (L). undcrcnolod 
liquid (UL) and solid (S) rgions in solidirying domain For  I"  casc 
(a.  c. c3  and 2*  casc (b. d. 0 
During sccond casc of simulation solidilication front rcmains 
stablc for  54  OF cnrirc proccss (Fig. 4b). Thrn undcrcoolcd liquid 
appears in, thc lclt part of thc cast. lligh initial ovcrhcaring of ~hc 
liquid prevcnts crcat ion wd cxpnnsion or thc undcrcmlcd  zone. 
Aftcr  Ya  of solidification proccss rcgion 611cd  wirh undcrconld 
liquid  is  still  narrow  (Fig.  4d).  Constitutional  t~odcrcooling 
phcnomcnon  is  noriccablc  ncnr  concavnl  and  carhn-rich 
fragrncnts of front. Such reduction OF UL-mnc favors directional 
solidification. At  thc final  sragc of the proccss cxpansinn of thc 
UL-zonc bccomcs  morc  rapid  hut  L-mnc  still  rcmains  in  ~hc 
ccntral part 06 thc cast [Fig. 40. Rapid prowlh of ~hc  r~ndcrconling 
favors cquiaxcd wlidi fication. 
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Numcrical modcl of binary alloys solidification process with 
constitutional  undcrcooling  criterion  allows  prediction  of 
breakdown  of  thc  planar  solidilicntion  front  or  evolution  of 
iindercmlcd zonc. Computer program was crcatcd on thc base of 
op~imizcd  solutc scgrcgation algorithm and  local  front  tracking 
method. Obtained rcsults show temporary front position and rangc 
of  undercoolcd liquid region. 
Small  initial  ovcrhcilting causcs breakdown  of  planar  front 
almost instantly aftcr beginning of solidification pmccss. Analysis 
of the cvolurion of undercoolcd rcgion shows cquiaxcd chatactcr 
of soIidification. 
High  initial  ovcrhenting  of  thc  Iiquid  rcduccs  sizc  of  !he 
undercoolcd  rcgion  and  favors  directional  solidification. Final 
stage of  thc  process  in  both  cascs of  simulation clearly  shows 
cquiucd charactcr of solidification. 
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ModeFowanic nurncrycznc krzepniqcia stopbw dwuskladnikowych 
I, u~vzglqdnicniern  waruaku pncchlodzcnia st~icniowcgo 
Streszczenie 
W  pracy  zaprczcniowano matcmalyczny  i  nurncryczny opis krzepniccia  sropu  drvusktadnikowcgo, traktowancgo jak  rnicszanina 
skladnika gl6wncgo i dnrnicszki. Wprowndzono oslry front krzcpni~cia,  ktdrego poIotenic zmicnia sic w czasic. W inodclu urvzgl~dniono 
zjawisko przcchkodzcnia st~tcniowcgo.  Podczas krzepniqcia domieszka nie wbudowana w strukturp powstajqccgo ciata stalego zostajc 
rozprowa&zona  w  cicczy  przcd  czoIern  rrontu,  tworzqc  brzcgowvq rvnrstwq  dyfuzyjng  Wvost  stqkcnia  powodujc zrnianp  gradicntu 
temjxrarury likwidusu. cqsto powodujqc przechlodzenie cicczy ponikcj punkktu  krzcpniqcia. Zjnwisko lo zwnnc jcst  przcchtodzcnicm 
stqicniowym. Jcgo  koiisckwcncjq jest  zrniana  morfologii  frontu  krzepniccia. tzn.  przciicie  oil  postnci  gladkicj do  komtirkowcj  i 
dcndrytyczncj. W pncy przcdstarviono rnerodr; przcwidywania polokenia oraz Slcdzcnia obszaru utraty stntccznoSci frontu. Do  obliczcfi 
zasrosowano rnelod~  elemcntbw sko6czonych. 
ARCHIVES of  FOUNDRY ENGINEERING Volume 8, Special Issue  112008, 299-302 